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Abstract

We consider the problem of sampling a sequence from a discrete random probability
measure (RPM) with countable support, under (probabilistic) constraints of finite
memory and computation. A canonical example is sampling from the Dirichlet
Process, which can be accomplished using its stick-breaking representation and
lazy initialization of its atoms. We show that efficiently lazy initialization is
possible if and only if a size-biased representation of the discrete RPM is used. For
models constructed from such discrete RPMs, we consider the implications for
generic particle-based inference methods in probabilistic programming systems.
To demonstrate, we implement SMC for Normalized Inverse Gaussian Process
mixture models in Turing.

Bayesian non-parametric (BNP) models are a powerful and flexible class of methods for carrying out
Bayesian analysis [25]. By allowing an unbounded number of parameters, BNP models can adapt to
the data, providing an increasingly complex representation as more data becomes available. However,
a major drawback to BNP modeling is that the resultant inference problems are often challenging,
meaning that many models require custom-built inference schemes that are challenging and time
consuming to design, thereby hampering the development and implementation of new models and
applications. Probabilistic programming systems (PPSs) [e.g., 11; 42; 14] have the potential to
alleviate this problem by providing an expressive modeling framework, and automating the required
inference, making powerful statistical methods accessible to non-experts. Universal probabilistic
programming languages [11; 29] may be particularly useful in the context of BNP modeling [e.g.,
5] because they allow for the number of parameters to vary stochastically and provide automated
inference algorithms to suit [40; 42]. Currently, most systems only provide explicit support for
Dirichlet Processes (DPs) [8; 35] or direct extensions thereof (see Section 1.2).

The contributions of this paper are threefold. Firstly, we introduce the concept of the laziest initializa-
tion of a discrete RPM, which provides a computationally and inferentially efficient representation of
the RPM suitable for a PPS. We show that this can be carried out only when the atoms of the RPM
have a size-biased representation. Secondly, we derive the probability distribution of the number
of variables initialized by the commonly used recursive coin-flipping implementation of the DP
and its heavy-tailed extension, the Pitman–Yor Process (PYP). We show that this number has finite
expectation for only part of its parameter range, indicating that although the coin-flipping recursion
halts with probability 1, and thus it is computable, it may be undesirable for practical purposes.
Finally, we demonstrate posterior inference for Normalized Inverse Gaussian Process (NIGP) mixture
models using Turing [9]. To our knowledge, this is the first BNP mixture model in a PPS with
posterior inference that is not the DP or PYP.
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1 Size-biased representations and lazy initialization
A discrete random probability measure (RPM) P on a measurable space (W,Σ) is a countable
collection of probability weights (Pj)j≥1 such that

∑
j≥1 Pj = 1 a.s., and atoms (Ωj)j≥1 ∈ W such

that P(A) =
∑
j≥1 PjδΩj

(A) a.s. for any A ∈ Σ. A size-biased permutation π of P = (Pj ,Ωj)j≥1,

denoted P̃ = (P̃j , Ω̃j)j≥1, is a random permutation of the atoms of P such that [28]

(P̃1, Ω̃1) = (Pπ(1),Ωπ(1)) where P(π(1) = j | P1, P2, . . . ) = Pj (1)

(P̃2, Ω̃2) = (Pπ(2),Ωπ(2)) where P(π(2) = j | π(1), P1, P2, . . . ) =
Pj

1− P̃1

,

and so on. If a discrete RPM P̃ is equal in distribution to first sampling a realization P ∼ µ and
then applying (1), we say that P̃ is a size-biased version of P. P is said to be lazily initialized by a
computer program if each atom of P is not instantiated in memory until the first time it is needed
by the program; denote by P̂k the first k atoms generated by the program and say that P̂ is a lazy
size-biased version of P if P̂k

d
= P̃k for all k ∈ N. Let X := (X1, X2, . . . ) be a sequence taking

values inW , Xn = (X1, . . . , Xn) its size-n prefix, and Kn the number of unique values in Xn. P̃
is defined to be induced by X if P̃ is realized by labeling the atoms of P in the order in which they
appear in the sample X1, X2, . . . ∼ P. The following examples illustrate the concept.

Sampling the DP by recursive coin-flipping. The stick-breaking construction of the DP [34; 16]
yields a simple way to generate atoms of P when P is drawn from a DP prior with concentration
parameter θ > 0 and base measure H0 (assumed to be non-atomic). Xn can be sampled as follows:
Algorithm 1 Recursive coin-flipping for sampling from the DP
1: M = 0 . For tracking the number of atoms initialized.
2: for i = 1: n do . Iterate over observations.
3: j = 0, coin = 0
4: while coin==0 do . Recursively (in j) flip Vj-coins until the first heads.
5: j = j + 1
6: if j > M then . Instantiate Vj and Ωj when necessary.
7: Vj ∼ Beta(1, θ), Ωj ∼ H0

8: M = M + 1
9: end if

10: coin ∼ Bernoulli(Vj) . Flip a Vj-coin.
11: end while
12: Xi = Ωj . Xi takes the value of the atom corresponding to the first heads.
13: end for
14: return Xn

A random number Mn of atoms are generated as needed by the program (equal to M when Xn is
returned). With positive probability Mn is larger than Kn, the number of unique values in Xn.

Sampling the DP by induced size-biased representation. The stick-breaking construction of
the DP is distributionally equivalent to the size-biased representation of the DP [26; 28]: P̃j

d
=

Vj
∏j−1
i=1 (1− Vi) jointly for each j. Hence, the predictive distribution of Xn+1 given P̃Kn

is

P[Xn+1 ∈ • | P̃Kn
] =

∑Kn

j=1 P̃jδΩ̃j
( • ) +

(
1−

∑Kn

j=1 P̃j
)
H0( • ) . (2)

X can be sampled from P by using (2): If Xn+1 belongs to a new category (which hap-
pens with probability (1 −

∑Kn

j=1 P̃j)), then Xn+1 = Ω̃Kn+1 ∼ H0, VKn+1 ∼ Beta(1, θ), and

P̃Kn+1 = VKn+1

∏Kn

j=1(1− Vj). In this way, only the first Kn atoms of the size-biased represen-
tation are generated, corresponding to those chosen by the elements of Xn. Therefore, Kn ≤Mn

with probability 1 and P̃Kn
is induced by Xn. If the atom weights P̃Kn

in (2) are marginalized with
respect to the distribution of P̃Kn | Xn, another prediction rule, or urn scheme can be used to sample
Xn; in the case of the DP, this gives rise to the Chinese Restaurant Process (CRP) [28], which can be
used in the same way to sample X.

1.1 The laziest initialization

We define a lazy initialization scheme P̂ for a discrete RPM P to be minimal with respect to X
if, with probability 1 for each n ∈ N+, the number of initialized atoms is Kn and the mapping
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Xn 7→ (Ω̃j)
Kn
j=1 is surjective; that is, each atom P̂Kn corresponds to at least one Xi ∈ Xn. Using

this definition, we give the following result.
Theorem 1. Let X be a sequence with elements distributed according to a discrete RPM P. A lazy
initialization P̂ of P is minimal with respect to X if and only if P̂ is a lazy size-biased version of P
induced by X.

The proof (see Appendix A) follows from a well-known connection between i.i.d. sampling from a
discrete RPM and its size-biased representation. However, it seems to have been overlooked in the
design and implementation of various PPSs. The distinction is not merely conceptual; a program’s
representation of a RPM can have substantial influence over computational efficiency, both in prior
simulation and in posterior inference.

To illustrate the difference quantitatively, consider the PYP with parameters α ∈ (0, 1), θ > −α and
continuous base measure H0. The PYP has heavy tails, which results in size-biased atom weights
that decay much slower than those of the DP. The distribution of Kn is known [28]; we derive the
distribution of Mn in Appendix B. The following result implies that if the recursive coin-flipping
scheme is used to sample from the PYP, not only is it inefficient, but the number of atoms generated
is likely to be so large as to prohibit computation. (The proof is given in Appendix B.)
Proposition 1. Let Mn be the number of atoms instantiated by the recursive coin-flipping scheme to
sample Xn. Then Eα,θ[M1] <∞ if and only if α < 1

2 . Furthermore, for all n ≥ 1, if Mn is finite
then Eα,θ[Mn+1 |Mn] <∞ if and only if α < 1

2 .

Figure 1 shows the expected number of atoms initialized during sampling using the recursive method
and the laziest method, which uses the induced size-biased representation; the figure on the right
shows that the number of atoms initialized by the recursive coin-flipping explodes for α ≥ 1

2 . To our
knowledge, analysis of Mn has not appeared previously in the literature.

1.2 Related work

BNP priors. Although the DP and the PYP are the most common priors used in BNP mixture models
(due in large part to their stick-breaking representations), a number of other priors have been used.
Examples include Gibbs-type priors [10; 3], the class of normalized completely random measures
(NCRMs) [31; 17; 6], and its model superclass, Poisson–Kingman models [27; 21]. Both the Gibbs-
type and the Poisson–Kingman models are formulated in terms of the size-biased distribution of their
atom weights, and as such they are natural candidates for minimally lazy implementation in PPSs.

BNP models in PPSs. Goodman et al. [11] and Roy et al. [33] drew links between BNP models and
stochastic programming via a stochastic generalization of memoization. They used the recursive
coin-flipping construction to lazily sample from the DP and its hierarchical extensions. Subsequently,
several PPSs have provided support for a limited class of BNP models. Edward [37] also uses the
recursive construction for simulating from the prior, though posterior inference needs to be truncated
to a finite number of atoms. Implementations of the DP and the PYP using the recursive coin-flipping
method have been proposed for WebPPL [12; 13]. The back-end implementation of the DP in
Anglican [36] and Venture [22] utilize the CRP representation, which is minimally lazy.
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Figure 1: The expected number of atoms generated by recursive coin-flipping and by induced size-
biased (laziest) schemes when sampling Xn from a PYP. Empirical means and standard errors were
generated via simulation because theoretical values are numerically unstable for n > 50. Left:
α = 0.25, θ = 0.1. Right: Empirical means (for 4,000 simulations) for θ = 0.1 and various α for the
recursive coin-flipping scheme. (Note the log scale on the vertical axis.)
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Lazy initialization. The notion of lazy initialization is not new, though it seems to have escaped
explicit consideration in the design of PPSs, with the recent exception of Birch [23], which uses a
related but different notion called delayed sampling. Tripuraneni et al. [38] use lazy initialization in a
particle Gibbs sampler for the HDP-HMM, and lazy initialization is central to the hybrid MCMC
sampler of Lomelí et al. [21].

2 Generic particle-based inference methods for RPM mixture models
We consider RPM mixture models, i.e. models whose components (Xi)

n
i=1 are sampled from a RPM

P, itself sampled from a prior µ. Data (Yi)
n
i=1 are then observed through an emission distribution F :

Yi | Xi ∼ F(· | Xi) with Xi | P ∼ P and P ∼ µ .
A mixture model based on a discrete RPM with an induced size-biased representation can be written
as a state space model, for which particle methods like Sequential Monte Carlo (SMC) [19; 4] are well
suited. Furthermore, particle methods fit naturally in PPSs as generic inference engines [42; 12; 30].
Algorithm 2 in Appendix C is a general purpose SMC algorithm for these models: One only need to
implement the RPM-specific size-biased distribution, and then apply Algorithm 2.

As a simple demonstration of this algorithm, we fit a nonparametric Gaussian mixture model with a
common variance among all clusters, but different means, on the galaxy dataset [32], which consists
of measurements of velocities of n = 82 galaxies from a survey of the Corona Borealis region.
We implemented the laziest size-biased representations for certain RPMs, including the PYP, the
normalized inverse Gaussian process (NIGP) [18], and the log-beta process [21], and used the generic
SMC algorithm implemented in Turing [9], a universal probabilistic programming language written
in Julia. Figure 2 shows the posterior predictive distribution of the NIGP mixture model, computed
on five sweeps of SMC with 1000 particles.

Related work. SMC algorithms for various BNP mixture models have appeared in the literature:
Fearnhead [7] evaluated particle filtering methods for DP mixture models; Wood and Black [41] used
SMC to fit a CRP mixture model; particle methods are used for inference on CRP mixture models in
the PPS Anglican [42]; Griffin [15] proposed a class of SMC algorithms for NCRMs; Lomelí [20]
proposed several novel SMC schemes that use a conjugate prior and marginalize out parameters, and
which are suitable for the DP, PYP, Gibbs-type models, and certain NCRMs.

Future directions. Algorithm 2 is a proof of concept and is consequently not competitive compared
to inference schemes tailored for RPM mixture models [6; 21]. In our algorithm, cluster assignments,
atoms locations, and weights are jointly sampled, which means we have to resample the other
variables to update the assignments. Composing inference schemes should yield more efficient
posterior samplers. One direction of research is to build a Gibbs sampler composed of Metropolis-
Hastings (or Hamiltonian Monte Carlo [24]) updates targeting continuous variables (atom locations,
weights, and hyperparameters), while a particle-based [2; 30] update targets the discrete assignments.
Such a Gibbs sampler is reminiscent of the hybrid sampler for Poisson–Kingman mixture models
[21], but without having to analytically derive conditionals and introduce auxiliary variables. Pseudo-
marginal algorithms [1; 2] are also an interesting direction.
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Figure 2: Visualizations of the estimated posterior predictive distribution of the PYP and NIGP
mixture models fit to the galaxy data set.
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A Proofs

Proof of Theorem 1. Suppose first that P̂ is a lazy size-biased version of P induced by X: (P̂1, Ω̂1)
is equal in distribution to the atom of P chosen by X1 according to (1); X2 chooses the first atom
with probability P̂1, otherwise (with probability 1 − P̂1) a new atom equal in distribution to the
second line of (1); and so on, so that P̂k

d
= P̃k for all k ∈ N+. Clearly, proceeding in this fashion

will produce samples such that Xn has distribution P for each n ∈ N+, and only the atoms of P
chosen by at least one element of Xn will be initialized; therefore P̂ is minimal with respect to X.

Conversely, assume a minimally (with respect to X) lazy initialization P̂′ is generated by some
other process, which implies that the atoms of P appear in some order. Hence, (P̂ ′j , Ω̂

′
j)j≥1

d
=

(Pπ̂(j),Ωπ̂(j))j≥1 for some (possibly random) permutation π̂. Then under P̂′,

P[X1 ∈ • | P] = P[Ω̂1 ∈ • | P] = P[Ωπ̂(1) ∈ • | P] ,

where the first equality is due to the assumption that P̂′ is minimal. Denote by λ1,j the probability
that π̂(1) = j, given P. Then

P[X1 ∈ • | P] =
∑
j≥1

λ1,jδΩj
( • ) ,

and X1 has the correct distribution only if λ1,j = Pj for all j ≥ 1, in which case P̂1
d
= P̃1.

Proceeding this way at all sampling steps that require a new atom to be initialized, we see that only
when P̂′ is a lazy size-biased version of P will X have the correct distribution. But this contradicts
our assumption that P̂′ was generated by some other process, and the proof is complete.

B Analysis of the number of atoms initialized by recursive coin-flipping

We present in this section an analysis of the number of atoms initialized by the recursive coin-flipping
scheme using the stick-breaking construction of the DP and PYP. For a sample of size n, denote by
Mn the number of atoms instantiated during sampling, i.e., the maximum number of coins flipped
during the generation of any Xi.
Proposition 2. Let Mn be the number of atoms instantiated by the recursive coin-flipping scheme
for the PYP with parameters α ∈ (0, 1) and θ > −α. Then

Pα,θ[Mn ≤ m] =

n∑
k=0

(−1)k
(
n

k

)
Γ(θ +mα+ k)Γ(θ + 1)Γ( θα +m)Γ( θ+kα + 1)

Γ(θ +mα)Γ(θ + 1 + k)Γ( θα + 1)Γ( θ+kα +m)
m = 1, 2, . . . .

(3)
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For the DP (α = 0), this simplifies to

P0,θ[Mn ≤ m] =

n∑
k=0

(−1)k
(
n

k

)(
θ

θ + k

)m
with E0,θ[Mn] = 1 + θHn ,

where Hn is the nth harmonic number.

Proof. Letting Ni denote the number of coins flipped to generate Xi, observe that

Pα,θ[Mn ≤ m] = E[P[Mn ≤ m | (Vj)j≥1]]

= E[P[N1 ≤ m, . . . , Nn ≤ m | (Vj)j≥1]] = E
[(

1−
m∏
j=1

(1− Vj)
)n]

.

Applying the binomial theorem and using the fact that the Vj ∼ Beta(1−α, θ+ jα) are independent,

Pα,θ[Mn ≤ m] =

n∑
k=0

(−1)k
(
n

k

) m∏
j=1

E[(1− Vj)k] (4)

=

n∑
k=0

(−1)k
(
n

k

) m∏
j=1

Γ(θ + jα+ k)Γ(θ + 1 + (j − 1)α)

Γ(θ + jα)Γ(θ + 1 + (j − 1)α+ k)
(5)

=

n∑
k=0

(−1)k
(
n

k

)
Γ(θ +mα+ k)Γ(θ + 1)Γ( θα +m)Γ( θ+kα + 1)

Γ(θ +mα)Γ(θ + 1 + k)Γ( θα + 1)Γ( θ+kα +m)
, (6)

where the last line follows from algebraic manipulations relying on the identity Γ(a+ 1) = aΓ(a).
When α = 0, the second line above easily simplifies to give P0,θ[Mn ≤ m]. Finally, using the
identity E[M ] =

∑
m≥1 P[M ≥ m] for a non-negative random variable M , we have

E0,θ[Mn] =

∞∑
m=1

(
1− P0,θ[Mn ≤ m− 1]

)
=

∞∑
m=0

(
1− P0,θ[Mn ≤ m]

)
=

∞∑
m=0

(
1−

n∑
k=0

(−1)k
(
n

k

)(
θ

θ + k

)m)
= −

n∑
k=1

(−1)k
(
n

k

) ∞∑
m=0

(
θ

θ + k

)m
= −

n∑
k=1

(−1)k
(
n

k

)
θ + k

k
= 1 + θ

n∑
k=1

(−1)k+1

(
n

k

)
1

k
= 1 + θHn ,

where the last equality follows from Euler’s integral representation of the harmonic numbers.

The following result is useful for computing the probabilities in (3).

Proposition 3. Denote the cumulative probabilities in (3) as Pα,θn,m. Then for m ≥ 1 and n ≥ 2,
Pα,θn,m satisfies the recursion

Pα,θn,m = Pα,θn−1,m − P
α,θ+1
n−1,m(1− Pα,θ1,m) with Pα,θ1,m = 1−

m∏
j=1

θ + jα

θ + 1 + (j − 1)α
.

Proof. From (5),

Pα,θn,m =

n∑
k=0

(−1)k
(
n

k

) m∏
j=1

(θ + jα)k
(θ + 1 + (j − 1)α)k

:=

n∑
k=0

(−1)k
(
n

k

)
Wα,θ
k,m ,

where (a)n = a(a+ 1) · · · (a+ n− 1) is the rising factorial and Wα,θ
k,m is introduced for notational

convenience. Noting that (a)n = a(a+1)n−1, which implies thatWα,θ
k,m = Wα,θ

1,mW
α,θ+1
k−1,m, and using
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the identities
(
n
k

)
= n

n−k
(
n−1
k

)
and

(
n−1
k−1

)
= k

n−k
(
n−1
k

)
,

Pα,θn,m = Pα,θn−1,m +

n∑
k=0

(−1)k
(
n

k

)
Wα,θ
k,m −

n−1∑
k=0

(−1)k
(
n− 1

k

)
Wα,θ
k,m

= Pα,θn−1,m +

n∑
k=1

(−1)k
(
n− 1

k

)(
n

n− k
− 1

)
Wα,θ
k,m

= Pα,θn−1,m −
n∑
k=1

(−1)k−1

(
n− 1

k − 1

)
Wα,θ

1,mW
α,θ+1
k−1,m

= Pα,θn−1,m −W
α,θ
1,m

n−1∑
k=0

(−1)k
(
n− 1

k

)
Wα,θ+1
k,m

= Pα,θn−1,m −W
α,θ
1,mP

α,θ+1
n−1,m .

Noting that Pα,θ1,m = 1−Wα,θ
1,m, the result follows.

Proof of Proposition 1. Using (5) and again that E[M ] =
∑
m≥1 P[M ≥ m] for a non-negative

random variable M ,

Eα,θ[M1] =

∞∑
m=0

m∏
j=1

θ + jα

θ + 1 + (j − 1)α
=

∞∑
m=0

( θα + 1)m

( θ+1
α )m

= 2F1(1, θα + 1; θ+1
α ; 1) ,

where 2F1(a, b; c; z) is the ordinary hypergeometric function, which converges for c− b− a > 0,
corresponding to α < 1

2 ; it diverges if α ≥ 1
2 . If α < 1

2 , then Eα,θ[M1] = θ+1+α
1−2α , which follows

from an identity [39, §14.11].

Similarly,

Eα,θ[Mn+1 |Mn] = Mn +

∞∑
m=0

Mn+m∏
j=1

θ + jα

θ + 1 + (j − 1)α

= Mn +

Mn∏
j=1

θ + jα

θ + 1 + (j − 1)α

 ∞∑
m=0

m∏
j=1

θ
α +Mn + j

θ+1
α +Mn − 1 + j

= Mn +

Mn∏
j=1

θ + jα

θ + 1 + (j − 1)α

 ∞∑
m=0

( θα +Mn + 1)m

( θ+1
α +Mn)m

= Mn +

Mn∏
j=1

θ + jα

θ + 1 + (j − 1)α


2F1(1, θα +Mn + 1; θ+1

α +Mn; 1) .

As before, this converges only when α < 1
2 , in which case

Eα,θ[Mn+1 |Mn] = Mn +

Mn∏
j=1

θ + jα

θ + 1 + (j − 1)α

 θ + 1 + (Mn − 1)α

1− 2α
.
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C SMC for minimally lazy RPM mixture models.

Algorithm 2 Sequential Monte Carlo for RPM mixture models
1: Initialize Sl

1 = {}, Kl = 0 ∀l = 1, . . . , L
2: for i = 1: n do . Iterate over observations.
3: for l = 1: L do . Iterate over particles.
4: zli ∼ Cat(P̃ l

1, . . . , P̃
l
Kl , (1−

∑Kl

j=1 P̃
l
j )) . Sample atom assignment.

5: if zli > Kl then . Create a new atom.
6: Kl = Kl + 1 . Update number of atoms.
7: P̃Kl ∼ SBS(P̃ l

1, . . . , P̃
l
Kl−1) . Lazy size-biased sampling (specific to the RPM).

8: Ω̃Kl ∼ H0 . Sample new atom from the base measure.
9: Sl

i =
(
Sl
i−1, Ω̃Kl , P̃Kl , zli

)
. Update state.

10: else . Use an existing atom.
11: Sl

i =
(
Sl
i−1, z

l
i

)
. Update state.

12: end if
13: wl

i = f(yli | Ω̃zli
) . Compute weight – f is the density of F .

14: end for
15: for l = 1: L do . Resample particles

16: ali ∼ A(· | wi), Sl
i = S

al
i

i . Sample new ancestor.
17: end for
18: end for
19: return

(
Sl
n

)L
l=1

. Return samples from the L particles.

10


	Size-biased representations and lazy initialization
	The laziest initialization
	Related work

	Generic particle-based inference methods for RPM mixture models
	Proofs
	Analysis of the number of atoms initialized by recursive coin-flipping
	SMC for minimally lazy RPM mixture models.

