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Abstract

We developed a spatial-temporal Gaussian process regression (STGPR) model for
Bayesian inference of longitudinal imaging data. Our goal is to study progressions
of the brain activities in different brain regions and how they are associated with
time-independent predictors (disease status, gender, etc.) and time-varying predic-
tors (age, weight, etc.). We assign Gaussian processes priors to spatial-temporal
varying coefficients in the model. To cope with the large-scale dataset, we develop
three fast posterior computation algorithms for Bayesian inference approximation
based on the Karhunen–Loève expansions on the Gaussian processes. Compared
with a voxel-wise linear model approach, we demonstrate the advantages of the
proposed method in a simulation study, where we propose two metrics: relative L1
loss and gradients relative L1 loss for measuring coefficient estimation accuracy.
We apply the proposed method to the analysis of the longitudinal positron emis-
sion tomography (PET) data in the Alzheimer’s Disease Neuroimaging Initiative
(ADNI) study and obtain some meaningful results.

1 Introduction

Advanced biomedical technology has made more longitudinal neuroimaging data available, where
brain images are collected at several time points. Studying brain activities at repeated occasions
gains increased attention in the neuroimaging community because it creates an opportunity to further
understand the structural and functional development of healthy or pathological brains. The datasets
for longitudinal analysis are usually large and complicated, where the response data contains multiple
measurements of three-dimensional (3D) brain images for each subject with some of the covariates to
be time-varying as well.

The most common methods to fit the longitudinal model is to use the generalized estimating equations
(GEE), where a mean function and a working correlation structure between a subject’s repeated
measurements are assumed, and generalized method of moments (GMM) approaches that model the
moments of the statistics of interest [Zeger and Liang, 1986, Lai and Small, 2007, Skup et al., 2012].
However, traditional GEE and GMM are only designed for problems with non-high dimensional
spatial correlations, and there are limitations to incorporate time dependent covariates into the
model [Sullivan Pepe and Anderson, 1994, Fitzmaurice, 1995]. Machine learning tools have been
widely used for brain imaging classification and prediction. Due to partial selection of seed voxels
or ignoring the between-region variation, these methods may lead to substantial information loss
and subject to misleading understanding in brain functions. Bayesian spatial modeling approaches
have been widely proposed to model the correlation between neighboring voxels [Bowman, 2005].
Marquand et al. [2010] evaluated the predictive capability of Gaussian process (GP) models for two
types of quantitative prediction: multivariate regression and probabilistic classification, using whole-
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brain fMRI volumes from a study investigating subjective responses to thermal pain. They show that
GP regression outperform support vector and relevance vector regression. However, the difficulties
arise for high dimensional problems for which inversion of the correlation matrix is computationally
infeasible. In this paper, we proposed a Bayesian nonparametric method via Gaussian processes and
utilized approximation techniques through Karhunen–Loève representation of GP kernels to handle
the high dimensional problem.

2 Model

Suppose we collect longitudinal imaging data from n subjects at m occasions over the whole three-
dimensional (3D) brain B ⊂ Rd, where Rd denotes the d−dimensional Euclidean space and d = 3.
For any given subject i = 1, . . . , n and for any given occasion t = 0, 1, . . . ,m, denote by yi,t(v) ∈ R
the longitudinal imaging outcome at voxel v ∈ B, xi,t = (xi,t,1, . . . , xi,t,p)

T ∈ Rp a p−dimensional
vector of time varying covariates, and zi = (zi,1, . . . , zi,q)

T ∈ Rq a q−dimensional vector of time
independent covariates. For each voxel v and each occasion t, we assume the longitudinal imaging
outcome as a linear function of both time varying and time independent covariates:

yi,t(v) = αt(v) +

p∑
j=1

xi,t,jβj(v) +

q∑
k=1

zi,kηt,k(v) + εi,t(v). (1)

The random error processes is assumed εi,t(v)
iid∼ N(0, σ2), so that mutually independent over

subjects, occasions and voxels. In Equation (1), the spatially-temporally varying intercept αt(v) ∈ R
is the population-level baseline spatial-temporal effects; the spatially varying coefficient βj(v) is
the spatial effects of time varying covariate; the spatially-temporally varying coefficient ηt,k(v)
represents the spatial-temporal effects of time independent covariates.

Gaussian processes (GPs) are employed to serve as priors for the spatial-temporal effects in Model
(1). For t = 1, . . . ,m, j = 1, . . . , p, and k = 1, . . . , q, we assume

[αt | αt−1 ]
iid∼ GP(αt−1, τ2ακ), and α0 ∼ GP(0, τ2α,0κ),

βj
iid∼ GP[0, τ2βκ],

[ηt,k | ηt−1,k ]
iid∼ GP[ηt−1,k, τ2ηκ], and η0,k ∼ GP(0, τ2η,0κ), (2)

where κ(v,v′) is the covariance kernel function, and τ 2 = (τ2α,0, τ
2
α, τ

2
β , τ

2
η,0, τ

2
η ) can be considered

as scale parameters that invariant across location. We assume inverse-gamma distribution as priors of
τ 2 where the shape and scale parameters of the distribution are hyperparameters.

The standard human brain template usually contains around 200,000 voxels. Thus, posterior inference
on the proposed model for a whole brain analysis involves the extremely challenging ultra-high
dimensional GP fitting. To mitigate this problem, we adopt the model representation using the
Karhunen-Loéve (K-L) expansion. For example, the correlation kernel κ in Equation (2) have the
following approximation based on K-L expansion approximation:

κ(v,v′) =

∞∑
l=0

ζlψl(v)ψl(v
′) ≈

L∑
l=0

ζlψl(v)ψl(v
′), (3)

where ζl’s are eigen values and ψl(·)’s are eigen vectors satisfying
∫
Rd φl(v)φl′(v)dv = δll′ where

δll′ = 1 if l = l′ and δll′ = 0, otherwise. The prior models on αt, βj , and ηt,k can be respectively
represented using the K-L expansion as

αt(v) ≈
L∑
l=0

θα,t,lψl(v), βj(v) ≈
L∑
l=0

θβ,j,lψl(v), ηt,k(v) ≈
L∑
l=0

θη,t,k,lψl(v).

When κd, the d−dimensional κ, has the following special form:

κd(x,x
′; a, b) =

d∏
i=1

exp(−ax2i − b(xi − x′i)2 − ax′2i ),
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the corresponding ψl and ζl have explicit forms and are able to be pre-computed. Thus, the new model
representation based on K-L expansion have new coefficient parameters Θl = (θT

α,·,l,θ
T
β,·,l,θ

T
η,·,·,l)

T,
l = 1, . . . , L, each of lengthQ = m+p+(m+1)q+1, where θα,·,l = (θα,0,l, . . . , θα,m,l)

T, θβ,·,l =
(θβ,1,l, . . . , θβ,p,l)

T, θη,·,·,l = (θT
η,·,1,l, . . . ,θ

T
η,·,q,l)

T with θη,·,k,l = (θη,0,k,l, . . . , θη,m,k,l)
T. The

priors of θl’s based on K-L expansion are:

θα,·,l ∼ N[0m+1, ζl(τ
2
α,0Jm+1 + τ2αKm+1)],

θβ,·,l ∼ N(0p, ζlτ
2
βIp),

θη,·,l ∼ N[0(m+1)q, ζlIq ⊗ (τ2η,0Jm+1 + τ2ηKm+1)],

where 0d = (0, . . . , 0︸ ︷︷ ︸
d

)T, 1d = (1, . . . , 1︸ ︷︷ ︸
d

)T, Id = diag(1d), Jd = 1d1
T
d and Kd = (kij)1≤i,j≤d

with kij = min{i, j} − 1. Future more, defined by yi(v) = [yi,0(v), . . . , yi,m(v)]T an m + 1
vector of the outcome variable, Di(v) = [Im+1,Xi, z

T
i ⊗ Im+1] the design matrix of dimension

(m+1)×Q, where “⊗" is the kronecker product, Xi = (xi,0, . . . ,xi,m)T of dimension (m+1)×p
with xi,t = (xi,t,1, . . . , xi,t,p)

T, zi = (zi,1, . . . , zi,q)
T, Model (1) can be written as the following

matrix form under new representation:

yi(v) = Di(v)

∞∑
l=1

ψl(v)Θl + εi(v), (4)

where εi(v)
iid∼ N(0m+1, σ

2Im+1) with εi(v) = [εi,0(v), . . . , εi,m(v)]T , and Θl
iid∼ N(0Q,Σl) with

Σl = ζldiag{(τ2α,0Jm+1 + τ2αKm+1), τ
2
ρ , τ

2
βIp, Iq ⊗ (τ2η,0Jm+1 + τ2ηKm+1)}.

3 Posterior Computation

Gibbs sampling are used for posterior computation. Three algorithms are developed to achieve
computation efficiency by utilizing properties of K-L expansion.

Algorithm I uses Gibbs sampling to sample Θ = (ΘT
1 , . . . ,Θ

T
L)
T from conditional full distribution

π(Θ|y, τ 2
· , σ

2) directly, which turns out to be Gaussian. Computing the mean and variance of the
posterior Gaussian distribution involves calculating matrix inverse of scale Q× L.

Algorithm II iteratively draws Θl from its full conditional distribution π(Θl | y,Θ−l, τ 2, σ2), where
Θ−l = {Θr, r ∈ [1, . . . , L], r 6= l}. Computing the mean and variance of the posterior Gaussian
distribution involves calculating matrix inverse of scale Q.

Algorithm III takes advantage of the orthogonality of ψl to reduce computation complexity of
calculating π(Θl | y,Θ−l, τ 2, σ2) to however at a cost of applying additional approximation.

4 Simulation and Real Data Analysis

To show the performance of our model, we conducted Monte Carlo simulation studies and compared
the proposed spatial temporal Gaussian process regression method (STGPR) with a basic linear
regression model (LM). The LM is also based on Model (1) but assumes mutual independence for
αt(v), β(v) and ηt(v) over different occasions and voxels. Therefore, those coefficients are estimated
independently by LM at each voxel and at different time occasion. Point and interval estimates of LM
are provided by least square estimators. Two time-dependent covariates are generated by xi,1(t) =
1.5 × t + εi,1,t and xi,2(t) = 2.5 × t + εi,2,t respectively, where εi,j,t ∼i,t N (0, 1), j = 1, . . . , p.
These time-dependent covariates are considered as continuous variables and are standardized over
subjects and over time before being incorporated into the model. In addition, two time-independent
covariates, zi,t,1 and zi,t,2 are sampled independently from Bernoulli distribution with success
probability to be 0.5 and 0.1. The coefficients, αt, βj , ηt,k are generated based on equation (2)

and κ(v,v′) = e−
d(v,v′)

s with d(v,v′) calculating the l2 distance between in B. The spatial data
are equally spread on two dimensional space of [−1.8, 1.8]2. 20 samples are simulated and each
measured at four sequential time occasions. The experiments are repeated 50 times. Two metrics
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are generated to show the performance of STGPR compared to LM in regards to both coefficients
estimation and image outcome prediction. The relative L1 loss represents the L1 penalty of the
relative values of estimates and the gradients’ relative L loss, which is computed for the gradients’ of
estimates, quantifies the L1 penalty of estimated smoothness. For this extend abstract, please find our
preliminary results in Table (1). Both LM and STGPR provide reasonable parameter and outcome
estimation and prediction. The LM model is more influenced by random noise, while STGPR model
provides stabler estimation with smaller standard errors of RL1 and GRL4 than LM model. The
STGPR model results in a much smaller GRL4 than the LM model for all the parameters and outcome
variables, indicating that the smoothness of the estimated curves by the proposed method are much
closer to the truth. As a result, the proposed STGPR model provides stable outcome prediction and
reliable estimates of the covariates’ spatial and temporal effects.

Table 1: Simulation results comparing LM and STGPR in regards to estimation and prediction of
both coefficients and outcome variables through RL1 Loss(relative L1 Loss) and GRL1 (gradients’
relative L1 Loss) averaging over space and necessarily over time. For STGPR, Algorithm II is used
on simulated data of size 60× 60 and Algorithm III is used for simulated data of size 100× 100. The
values in the parenthesis are standard error of the quantities of interest.

Algorithm II Size(60× 60)
LM STGPR

RL1 GRL1(×10) RL1 GRL1(×10)
α 1.06(0.07) 244.66(434.68) 0.76(0.02) 9.52(1.10)
β1 1.31(0.25) 10.91(7.68) 1.09(0.04) 1.13(0.39)
β2 0.73(0.07) 12.00(2.53) 0.77(0.02) 1.99(0.65)
η1 0.94(0.06) 7.52(6.55) 1.17(0.02) 0.97(0.54)
η2 0.61(0.05) 3.15(0.69) 0.42(0.01) 0.45(0.01)
f 0.37(0.01) 3.92(1.89) 1.01(0.01) 1.84(0.56)

αpred 5.15(0.36) 9.92(16.71) 4.85(0.06) 1.12(0.41)
η1,pred 3.12(0.16) 24.40(20.02) 3.22(0.03) 5.60(4.08)
η2,pred 5.11(0.96) 15.35(36.78) 4.31(0.10) 5.53(0.98)
ypred 2.57(0.21) 7.39(26.32) 2.93(0.01) 1.51(0.76)

Algorithm III Size(100× 100)
LM STGPR

RL1 GRL1(×10) RL1 GRL1(×10)
α 1.20(0.15) 10.79(17.30) 0.60(0.02) 1.21(3.30)
β1 1.02(0.08) 159.41(1078.06) 0.52(0.03) 1.28(4.83)
β2 0.65(0.06) 6.70(7.88) 0.25(0.01) 0.60(0.41)
η1 1.38(0.23) 2.53 (0.87) 0.41(0.03) 0.32(0.05)
η2 0.59(0.05) 2.37(2.07) 0.43(0.01) 0.27(0.08)
f 1.17(0.64) 2.11(0.53) 0.81(0.15) 0.98(0.94)

αpred 3.13(0.15) 3.37 (3.32) 2.73(0.05) 0.72(0.54)
η1,pred 4.91(0.44) 15.60(7.61) 4.82(0.08) 7.36(25.39)
η2,pred 4.06(0.73) 6.30(9.66) 3.87(0.13) 2.03(0.53)
ypred 2.16(0.09) 1.56(0.68) 2.19(0.02) 0.69(0.57)

In order to show the usefulness of the proposed STGPR, we used the model to analyze
PET images of patients from the Alzheimer’s Disease Neuroimaging Initiative (ADNI) study
(http://www.loni.ucla.edu/ADNI/). The goal of this national multi-center project is to develop
biomarkers of Alzheimer’s Disease (AD) in elderly subjects. For more details about the ADNI, see
Mueller et al. (2005). Participants are classified into typical controls (TC), mild cognitive impairment
(MCI) patients, and Alzheimer’s disease (AD) patients. PET scans are obtained for each participants
at baseline screening, 6 months, and 12 months. The data we used contain one slice of PET scan
images from 49 AD, 69 NORM, and 117 MCI participants and at three time occasions. The slice of
brain images are chosen to cover most of the hippocampus regions, which are known by researchers
to be one of the first brain area to suffer damage of AD so that have good indication of AD initiation
and development. For predictors, we incorporated gender and diagnostic status (TC, AD, MCI) as
time independent covariates and used age and weight to be time varying covariates. The proposed
STGPR was used to investigate the spatial and temporal influence of different covariates and also
make prediction on image outcomes given previous images and all covariates.
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