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• Adaptive inference methods need to explore, 
not just exploit 

• New class of inference algorithms — Inference 
Trees — based around Monte Carlo tree search 

• Targeted exploration using density estimation 
of log sample weights

Overview



Inference Trees: Adaptive Inference with Exploration 
Tom Rainforth

 3

⇡(x) =
�(x)

Z
x̂n ⇠ qt(x) 8n 2 1, . . . , N

wn =
�(x̂n)

qt(x̂n)

⇡̂(·) = 1

N

NX

n=1

wn�x̂n(·)

!



Inference Trees: Adaptive Inference with Exploration 
Tom Rainforth

 4

Background: Importance Sampling



Inference Trees: Adaptive Inference with Exploration 
Tom Rainforth

 5

Background: Importance Sampling



Inference Trees: Adaptive Inference with Exploration 
Tom Rainforth

 6

Background: Importance Sampling

x̂n ⇠ qt(x)

wn =
�(x̂n)

qt(x̂n)

⇡̂(·) =
1
N

PN
n=1 wn�x̂n(·)

1
N

PN
n=1 wn



Inference Trees: Adaptive Inference with Exploration 
Tom Rainforth

 7

Background: Adaptive Monte Carlo
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Background: Adaptive Monte Carlo
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Exploitation vs Exploration

• Exploitation: sample in regions where we 
think the posterior mass is high 

• Exploration: sample in regions where our 
uncertainty is high 

• Utility from samples originates not only 
from direct contribution to estimator, but 
also information provided for future 
sampling
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.
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metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
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Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
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where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes
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we want to pull arms with high expected reward – and
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Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure
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of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):
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where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
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2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
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1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure
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1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):
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where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log
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i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Why Split and Control?

• We no longer need to draw iid samples 
• More explicit control for resource 

allocation 
• Can gather additional information 

• Easy to maintain consistency under 
adaptation
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Figure 1. Characterization of the tree learning algorithm. Each
node in the tree corresponds to an region of target space such
that the region of a parent node is the union of its children and
the union of all leaf nodes is the full space. In the traversal step
(left), we adaptively allocate computational resources, starting at
the root note and recursively choosing the left or right node until
we reach a leaf. At a high level, we want to allocate resources to
areas where the posterior density or our uncertainty is high. In
the refinement step (middle) we improve the estimate at this node,
either by running inference directly and updating the local estimate,
or splitting the node to expand the tree and running inference at
each of the generated child nodes. In the propagation step (right)
we recursively update tree with the new estimates to improve the
posterior representation and future traversal strategy.

mance of ITs as it enables the use of inventive uncertainty
metrics that can substantially increase the effectiveness of
the exploration. For example, we introduce a novel method
based on density estimation of the logarithm of the sample
weights that provides realistic estimates for the probability
of a region containing a previously uncovered mode, even
when the current ML estimate is hundreds or even thousands
of orders of magnitude times smaller than the true value.
This in turn leads to substantial improvements over naïve
strategies based on conventional MC estimates.

2 Background and Related Work
ITs are a new class of meta algorithms for Bayesian infer-
ence or integration. They require a base algorithm which is
adaptively applied to different regions of the target space.
We will for now assume that we are using ITs for inference
such that our aim is to approximate a posterior p(x1:T |Y ).
Further, we assume that our base algorithm is some form
of MC scheme that returns weighted samples and makes
use of some proposal distribution Q(x1:T ). The simplest
resulting inference algorithm is self-normalized importance
sampling (?), for which we draw independent samples from
Q and weight our samples giving the following estimated
measure

p̂N (·) :=
NX

n=1

w̄n�x̂n
1:T

(·) where x̂n
1:T ⇠ Q(x1:T ), (1)

w̄ :=
wnPN
n=1 wn

, wn :=
p(x̂n

1:T , Y )

Q(x̂n
1:T )

, (2)

and we have assumed that we can evaluate the joint
p(x̂n

1:T , Y ) = p(Y |x̂n
1:T )p(x̂

n
1:T ). We now discuss some

of the key underlying themes motivating ITs.

2.1 Adaptive Monte Carlo Inference
Though there are a range of approaches to adapting the
proposal Q (see e.g. ? for a review), most share a com-
mon framework of alternating between sampling using the
current proposal and adapting the proposal using previous
samples, with the latter often taking the form of a (po-
tentially implicit) density estimation. For example, one
common approach in adaptive importance sampling is to,
at each iteration, choose the proposal that minimizes the
Kullback-Leibler divergence from the empirical measure as
follows (??):

✓⇤ = argmin
✓

Z
p̂N (x1:T ) log

✓
p̂N (x1:T )

Q✓(x1:T )

◆
dx1:T (3)

= argmax
✓

NX

n=1

w̄n logQ✓(x̂
n
1:T ). (4)

where ✓ denotes the parameters of Q. This leads to an ex-
pectation maximization style approach where one typically
chooses the form of Q✓ to make (??) analytically tractable.
This optimization process is greedy, in the sense that past
samples are assumed to accurately represent the posterior.

2.2 Multi-Armed Bandits
A multi-armed bandit problem is a sequential decision
task where an agent must choose between multiple actions,
known as arms, at each time step using the information
gathered from previous steps. Each arm returns a stochastic
reward and the agent’s goal is to maximize the long term
cumulative reward (??). One common strategy is upper
confidence bounding (UCB) (?) where for expected reward
estimates r̄j 2 [0, 1] one chooses at each round the arm j
that maximizes

uj = r̄j + �
log

P
i Mip

Mj
(5)

where Mj is the number of times arm j was previ-
ously pulled and � is a parameter that dictates the level
of exploration. Here the r̄j is an exploitation term –
we want to pull arms with high expected reward – and
� (log

P
i Mi) /

p
Mj is an exploration term (sometimes

known as an optimism boost) – we want to pull arms which
have been pulled infrequently previously.
Of particular relevance to our work is the study of bandits
in the stratified sampling setting (??????). Here one starts
with a number of strata, i.e. partitions, for a target estimator
and then looks to optimally allocate computational resources
among these using bandit strategies. They typically focus on
the MC integration setting, where the optimal strategy can
be shown to sample each strata in proportion to the standard
deviation of its evaluations (?). Because one now needs
to asymptotically sample from each strata infinitely often,
rather than simply identify the best arm, the UCB strategy
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Inference Tree Estimator / Propagation

!̂j =
1

Nj

NjX

n=1

wn
j
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Inference Tree Estimator / Propagation

!̂j = cj(!̂`j + !̂rj ) + (1� cj)
1

Nj

NjX

n=1

wn
j

�̂j(·) = cj(�̂`j (·) + �̂rj (·)) + (1� cj)
1

Nj

NjX

n=1

wn
j �x̂n

j
(·)

⇡̂0 (·) =
�̂0
!̂0
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Consistent Regardless of Traversal and 
Refinement Strategies:

Each ⇡̂j(·) converges weakly to ⇡(x|x 2 Aj) and,
in particular, ⇡̂0(·) converges weakly to ⇡(x).

Theorem 1.
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What is the optimal allocation of samples?

One might expect we should sample in proportion to 
the marginal likelihood, but in fact we have

distribution function of q(x) (with T set to the dimensionality of x). ITs use axis-aligned partitions in
the space of z1:T , which in turn induce (typically nonlinear) partitions on x. The motivation for this
is twofold. Firstly, because the distribution is uniform over z1:T , this eliminates the problem of trying
to choose splits that align well with the contours of q. Secondly, it means that we can easily sample
from and evaluate q(x|Aj): Aj will always represent a hyperrectangle Bj in the space of z1:T , so we
can sample from q(x|Aj) by sampling uniformly from Bj and passing the samples through g, while
q(x|Aj) = q(x)I(x 2 Aj)/kBjk where kBjk is the volume of this hyperrectangle, leading to simple
evaluation as required by the importance weight evaluations. See Appendix A for further discussion.

5 Traversal Strategy
As explained in §3, the traversal strategy starts at the root node and then recursively chooses the child
node with the higher utility uj until a leaf node is reached. Though we will use a utility of the UCB
form given in (3), our reward estimate r̂j will reflect both the need for exploitation and exploration,
unlike in standard approaches where it represents only exploitation.
We start by quoting our final choice for the utility, before explaining each of the component terms in
detail. Using pa(j) and si(j) to denote the parent and sister of node j respectively, we have

uj =
1

Mj

 
(1� �)

✓
⌧̂j

⌧̂pa(j)

◆(1�↵)

+ �
p̂sj

p̂sj + p̂ssi(j)
+ �

kBjk
kBpa(j)k

logMpa(j)p
Mj

!
(6)

Here ⌧̂j estimates the optimal asymptotic rate for sampling the node (see (7)), while p̂sj is a subjective
probability estimate for the node containing significant posterior mass (see (9)). Consequently, the first
and second terms encourage exploitation and targeted exploration respectively, with � 2 [0, 1] being
a parameter that controls the relative emphasis. We will typically reduce � over time to encourage
more exploitation, along with ↵ 2 [0, 1], an annealing parameter that encourages sampling of the
tails. The different normalizations for ⌧̂j and p̂sj originate from the fact that we want the exploration
term to dominate whenever ⌧̂pa(j) � ⌧̂j + ⌧̂si(j), implying that the children have underestimated the
exploitation target. The last term is a classical optimism boost [5], with the exception that it is scaled
by the relative volume of the node kBjk/kBpa(j)k. We now discuss ⌧̂j and p̂sj in detail.

5.1 Exploitation Target
To derive our exploitation target, ⌧j , we ask the question: what is the asymptotically optimal rate for
allocating samples to regions? In other words, if all our node estimates were perfect, how should
we allocate our samples? One might intuitively expect that the answer to this would be to allocate
samples in proportion to the marginal probability mass of a region. However, it turns out that this
is not the case: the variance on the weights is different for different regions and so we also need
to sample more from regions where this variance is high. In fact, as we show in Appendix D, the
optimal allocation strategy is to sample according to

⌧j =
q

!2
j + (1 + )�2

j (7)

where �2
j is the variance of the weights (as produced by single traversal) and !j is the marginal

posterior mass of the region as before. Here  2 [0,1] is a “smoothness” parameter, which dictates
the relative importance of the two terms when using the generated samples to estimate a particular
expectation as per (4). For example,  ! 1 corresponds to the optimal setup for estimating the
marginal likelihood, for which f(x) = 1 is completely flat.

To estimate ⌧j , we use ⌧̂j =
q

!̂2
j + (1 + )�̂2

j with propagated estimates !̂j and �̂2
j . The former is

given by (5b), while the latter requires a distinct propagation scheme as discussed in Appendix D.
5.2 Targeted Exploration through Density Estimation of the log Weights
Relying only on the optimism boost for exploration, as done by standard UCB schemes, can be
chronically inefficient in practice as it only encourages a uniform exploration. We, therefore, introduce
a targeted exploration term into our utility, p̂sj , which provides a subjective probability estimate for
the event that the region contains significant posterior mass that we have thus far missed.
Providing such a reliable estimate is a challenging problem. Our global proposal q(x) is often very
poor meaning standard MC estimates can be woefully inadequate: we will consider experiments
where we regularly underestimate the marginal likelihood (ML) by factors in excess of 101000.
Our insight is that, even when the ML is substantially underestimated, the raw log weights still convey
useful information about what the true value could be. We exploit this insight by carrying out density
estimation of the log weights and using this as a basis for constructing p̂sj . Consider the demonstrative

5

Marginal 
likelihood 
Squared

Variance of 
weights

Smoothness 
parameter

 � 0
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Multi Armed Bandits for Stratified Sampling

[Carpentier et al 2015]

uj =
1

Mj

 
r̂j +

� log
P

i Mip
Mj

!
UCB: at each round, choose the arm j that maximises

Optimism BoostEstimated Reward
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Reward

r̂j = ⌧̂j
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Reward

r̂j = (1� �) ⌧̂j + �p̂sj

Exploitation Targeted Exploration
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Reward

Exploitation Targeted Exploration

r̂j = (1� �)
⌧̂j

⌧̂pa(j)
+ �

p̂sj
p̂spa(j)



Inference Trees: Adaptive Inference with Exploration 
Tom Rainforth

 27

How can we perform targeted exploration?

Is !j > wth?
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Density estimation of the log weights

Is !j > wth?
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Density estimation of the log weights

Will !̂j(T ) be larger than wth?
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Density estimation of the log weights

Figure 1: Density estimation for log weights.

example shown in Figure 1 where we want to predict
whether the true log ML of each child is above some
threshold logwth. Here we see that there is a high
chance that the left child has a true ML above the
threshold, but we can be reasonably confident the
right does not. Critically, we can make this asser-
tion even though our MC estimates for the ML are
underestimated by hundreds of orders of magnitude.
To formalize this intuition, let  (logwn

j ) denote a
density estimator for a nodes local weights, with as-
sociated cumulative density (logwn

j ). The key idea
is to use this density estimator to predict the proba-
bility that one more samples will exceed a target threshold logwth if we were to generate another T
“lookahead” samples, where T is some large, but finite, number. When logwn

j varies over a large
range, the MC estimate for the ML is effectively equal to the maximum weight, and so we have

P (!̂j(T ) > wth) ⇡ P
�
max(w1:T

j ) > wth
�
⇡ 1� (1� (logwth))

T (8)
where !̂j(T ) is MC estimate for the ML after taking T samples. Though we could now use this
estimate to construct p̂sj directly, we apply a heuristic of scaling by the effective sample size (ESS) [29]
of the node (see Appendix D) on the basis that a high ESS suggests that we have already a reasonable
ML estimate and thus do not need to explore further.
To complete the picture, we define the propagation strategy for these probability estimates by
assuming that the p̂sj are independent for sibling nodes, finally yielding the recursive definition1

p̂sj := (1� cj)
1� (1� (logwth))T

ESSj
+ cj

⇣
p̂s`j + p̂srj � p̂s`j p̂

s
rj

⌘
(9)

analogous to that of !̂j in (5b). In our experiments, we found logwn
j was typically well approximated

by a Gaussian (there is also theoretical evidence this is appropriate when SMC is used as the base
algorithm [6, 18, 30]) and so this simple choice was taken for  . In cases where this gives a poor fit,
one could instead use a kernel density estimator. Setting T and wth is detailed in Appendix F.2.

6 Refinement Strategy
Once a leaf is chosen by the traversal, there are two ways we can refine the tree: update the local
estimate or split the node. The two considerations here are whether to split and how to split.
At a high-level, a good partitioning structure is one in which the posterior mass is concentrated in
a small number of regions. In essence, we gain most from being able to “eliminate regions” from
consideration, reducing the proportion of the target space that needs to be actively considered. When
we propose to split a node, we thus want to find the split that best concentrates the posterior mass.
Conveniently, we can use the samples already generated at the node to try and predict what will be
a good split. Namely, we can hypothesize a number of splits and then evaluate how well each split
will concentrate the mass, based on the existing samples. Though we do not directly use them in
this way, ITs indirectly parameterize an importance sampling proposal, whereby we traverse the
tree, recursively sampling a child with probability proportional to ⌧̂j . We can, therefore, measure the
concentration of mass through the entropy of this implied proposal.
Recall from §4.1 that ITs use axis-aligned partitions in the reparameterized space z1:T and that our
proposal for a leaf node is uniform in this space. We can therefore analytically calculate the entropy
of a hypothetical split (see Appendix G) and use this as loss criterion for choosing a split:

LOSS(split) = !̂` log
kB`k
!̂`

+ !̂r log
kBrk
!̂r

(10)

where the child volumes and marginal probability estimates are implied for any hypothetical split. The
lower this loss, the more information our split conveys about where the posterior mass is concentrated.
As hypothetical splits can be quickly tested – there is no need to run inference – we can efficiently test
out a relatively large number (⇠ 100) of random splits and then choose the one that minimizes (10).
We then initialize the newly generated nodes by running inference separately on each of them.
We further introduce heuristics for whether to split in order to avoid unnecessary over-splitting.
Firstly, we only attempt to split once Nj reaches a certain threshold and if the ratio ESSj/Nj falls

1In practice, we also use some additional heuristics, giving a slightly different estimator. See Appendix F.1.
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At a high-level, a good partitioning structure is one in which the posterior mass is concentrated in
a small number of regions. In essence, we gain most from being able to “eliminate regions” from
consideration, reducing the proportion of the target space that needs to be actively considered. When
we propose to split a node, we thus want to find the split that best concentrates the posterior mass.
Conveniently, we can use the samples already generated at the node to try and predict what will be
a good split. Namely, we can hypothesize a number of splits and then evaluate how well each split
will concentrate the mass, based on the existing samples. Though we do not directly use them in
this way, ITs indirectly parameterize an importance sampling proposal, whereby we traverse the
tree, recursively sampling a child with probability proportional to ⌧̂j . We can, therefore, measure the
concentration of mass through the entropy of this implied proposal.
Recall from §4.1 that ITs use axis-aligned partitions in the reparameterized space z1:T and that our
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Split in Reparameterized Space

A Additional Details on Partitioning the Target Space
As explained in the main paper, effectively partitioning in the space of x is difficult and so we perform
a reparameterization of the proposal to a “cumulative distribution space”, such that x = g(z1:T ) and
each zt ⇠ UNIFORM(0, 1). In this reparameterized space, we use axis aligned partitions, such that
any region can be defined using

Bj := ⇣j1 ⇥ ⇣j2 ⇥ · · ·⇥ ⇣jT (11)

where each ⇣jt ✓ [0, 1] is a partition for the corresponding dimension of zt. These partitions then in
turn define partitions on x, namely we have

Aj := {g(z1:T ) : z1:T 2 Bj} = {g(z1:T ) : z1 2 ⇣j1 \ z2 2 ⇣j2 \ · · · \ zT 2 ⇣jT } (12)
A high level description of this process is shown below.

A3

A4

B3

B4

B1 A1

Figure 5: Truncation of a proposal q(x1:2). Numbering left to right, [1] shows the original proposal
and [2] the hierarchical partitioning of z1:2 imposed by the tree. [3] shows the partitioning implied by
q(x1:2) and the leaf nodes on the target space x1:2, where we note that the partition between A3 and
A4 is nonlinear. It further shows the proposal truncated to A4 and renormalized.

In general, g can be thought of as an inverse cumulative distribution function. Namely, if we presume
that x is also T dimensional and our proposal factorizes as

q(x1:T ) = q(x1)q(x2|x1) . . . q(xT |x1:T�1)

then zt is defined by the series of cumulative distribution mappings

zt := ⌘t(xt;x1:t�1) =

Z xt

�1
qt(x

0
t|x1:t�1)dx0

t, (13)

which in turn implicitly defines g. As we are free to choose the form of the proposal, we can always
ensure that g can be calculated. In some scenarios, it might even be helpful to define q(x) implicitly
through g. Note that (13) further implies that the marginal proposals can be expressed in the form

qt(x1:t) = gt(z1:t).

such that we can can sequentially generate x1:T , as required in the SMC setting.
Another important point of interest is that it is perfectly permissible for g to map multiple different
z1:T to the same x. For example, this is necessary when x is discrete. In this scenario, the Aj may
no longer be disjoint,2 but here we can instead rely on the law of the unconscious statistician: we
can think in terms of performing inference on z1:T (for which the partitions are disjoint) and then
taking the pushforward distribution this induces on x. Note that this does not require any algorithmic
changes.
Because the distribution over z1:T is a uniform hypercube, the probability of generating an x whose
pre-image is in Bj is just the hypervolume of Bj (which is in turn given by the product of the
lengths of ⇣jt ). Therefore, after drawing from the truncated proposal q(x|x 2 Aj) by sampling
ẑn1:T,j ⇠ UNIFORM(Bj) and setting x̂n

j = g(ẑn1:T,j), we can evaluate the corresponding weights
using

wn
j :=

⇡(x̂n
j )

q(x̂n
j |x̂n

j 2 Aj)
=

⇡(x̂n
j )

q(x̂n
j |ẑn1:T,j 2 Bj)

=
⇡(x̂n

j )

q(x̂n
j )

kBjk (14)

where kBjk is just the (known) area of Bj .

2From a practical perspective, we postulate that it may sometimes be preferable to not perform the reparame-
terization for discrete variables and instead directly split these in the space of x.

9

q(x|{x 2 Aj}) =
q(x)I(x 2 Aj)

kBjk
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Figure 1: Density estimation for log weights.

example shown in Figure 1 where we want to predict
whether the true log ML of each child is above some
threshold logwth. Here we see that there is a high
chance that the left child has a true ML above the
threshold, but we can be reasonably confident the
right does not. Critically, we can make this asser-
tion even though our MC estimates for the ML are
underestimated by hundreds of orders of magnitude.
To formalize this intuition, let  (logwn

j ) denote a
density estimator for a nodes local weights, with as-
sociated cumulative density (logwn

j ). The key idea
is to use this density estimator to predict the proba-
bility that one more samples will exceed a target threshold logwth if we were to generate another T
“lookahead” samples, where T is some large, but finite, number. When logwn

j varies over a large
range, the MC estimate for the ML is effectively equal to the maximum weight, and so we have

P (!̂j(T ) > wth) ⇡ P
�
max(w1:T

j ) > wth
�
⇡ 1� (1� (logwth))

T (8)
where !̂j(T ) is MC estimate for the ML after taking T samples. Though we could now use this
estimate to construct p̂sj directly, we apply a heuristic of scaling by the effective sample size (ESS) [29]
of the node (see Appendix D) on the basis that a high ESS suggests that we have already a reasonable
ML estimate and thus do not need to explore further.
To complete the picture, we define the propagation strategy for these probability estimates by
assuming that the p̂sj are independent for sibling nodes, finally yielding the recursive definition1

p̂sj := (1� cj)
1� (1� (logwth))T

ESSj
+ cj

⇣
p̂s`j + p̂srj � p̂s`j p̂

s
rj

⌘
(9)

analogous to that of !̂j in (5b). In our experiments, we found logwn
j was typically well approximated

by a Gaussian (there is also theoretical evidence this is appropriate when SMC is used as the base
algorithm [6, 18, 30]) and so this simple choice was taken for  . In cases where this gives a poor fit,
one could instead use a kernel density estimator. Setting T and wth is detailed in Appendix F.2.

6 Refinement Strategy
Once a leaf is chosen by the traversal, there are two ways we can refine the tree: update the local
estimate or split the node. The two considerations here are whether to split and how to split.
At a high-level, a good partitioning structure is one in which the posterior mass is concentrated in
a small number of regions. In essence, we gain most from being able to “eliminate regions” from
consideration, reducing the proportion of the target space that needs to be actively considered. When
we propose to split a node, we thus want to find the split that best concentrates the posterior mass.
Conveniently, we can use the samples already generated at the node to try and predict what will be
a good split. Namely, we can hypothesize a number of splits and then evaluate how well each split
will concentrate the mass, based on the existing samples. Though we do not directly use them in
this way, ITs indirectly parameterize an importance sampling proposal, whereby we traverse the
tree, recursively sampling a child with probability proportional to ⌧̂j . We can, therefore, measure the
concentration of mass through the entropy of this implied proposal.
Recall from §4.1 that ITs use axis-aligned partitions in the reparameterized space z1:T and that our
proposal for a leaf node is uniform in this space. We can therefore analytically calculate the entropy
of a hypothetical split (see Appendix G) and use this as loss criterion for choosing a split:

LOSS(split) = !̂` log
kB`k
!̂`

+ !̂r log
kBrk
!̂r

(10)

where the child volumes and marginal probability estimates are implied for any hypothetical split. The
lower this loss, the more information our split conveys about where the posterior mass is concentrated.
As hypothetical splits can be quickly tested – there is no need to run inference – we can efficiently test
out a relatively large number (⇠ 100) of random splits and then choose the one that minimizes (10).
We then initialize the newly generated nodes by running inference separately on each of them.
We further introduce heuristics for whether to split in order to avoid unnecessary over-splitting.
Firstly, we only attempt to split once Nj reaches a certain threshold and if the ratio ESSj/Nj falls

1In practice, we also use some additional heuristics, giving a slightly different estimator. See Appendix F.1.

6

Split Criterion

• Prefer splits which lead to concentration of 
probability mass to few nodes  
 
 

• Sample a large number of candidate splits at 
random 

• Choose candidate split which minimises loss 
criterion for existing samples
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Experiments: Gaussian Mixture Model

(a) PI-MAIS (b) Naïve IT (c) IT (d) PMMH (e) Naïve IT (f) IT

Figure 3: Kernel density estimate of projected posterior estimates for the GMM (a-c) and the chaos
model (d-f). We use a linear projection of the original 8/4-dimensional spaces and exaggerate the
variance of the modes for visualization purposes. For both problems, the IT has successfully recovered
all modes and inferred that all the modes have equal mass. Though the naïve IT implementation
produced good estimates for the modes it found, it missed modes for both problems. For the GMM,
PI-MAIS found a number of modes but still missed some and misestimated their relative masses. For
the chaos model, PMMH only found a single mode.

Figure 4: Convergence of log ML and ESS for chaos model, conventions as per Figure 2. PMMH is
not shown as it returns unweighted samples and no ML estimate; other results are given in Appendix I.

now show that ITs can address these challenges by running inference on separate regions. Namely, the
IT process allows information to be gathered even in the face of degeneracy. Constraining different
sweeps to different regions allows samples to be “forced through” the resampling steps, hereby
dealing with long-range dependencies. This is done without losing the key benefits of SMC, as gains
from resampling are still seen when running inference within a particular region. Note that ITs only
require an unbiased estimate for the weights in a manner akin to pseudo-marginal methods [2], such
that we can run SMC when there are some latent variables not directly controlled by the IT.
To test ITs in this setting, we consider an adaptation of the chaotic dynamical system tracking problem
introduced by [31], details for which are given in Appendix H. The model comprises of an extended
Kalman filter where we have dynamics parameters ✓, latents x1:T , and observations y1:T . We desire
to conduct inference over both the dynamics parameters and the latent variables, but will only use
ITs to control the sampling of the former. This model contains long-range dependencies because
the dynamics parameters affect each transition and so the smoothing marginal p(✓|y1:T ) is very
different to the filtering marginal p(✓|y1). In fact, the two are so different that using the so-called
one-step-optimal proposal, the target for most methods of SMC proposal adaptation [21], provides no
noticeable performance improvement over simply sampling from the prior.
Because PI-MAIS requires an MCMC sampler to be run on the target p(✓|y1:T ), it is inappropriate
for this problem. We instead compare to using SMC without adaptation, SMC with 1000 times more
particles, the naïve IT implementation, and PMMH [4], a method explicitly designed for dealing
with global parameters in SMC. We allowed a budget of 1⇥ 107 target evaluations and used 8 SMC
sweeps of 500 particles per refinement step for the IT approaches. Details on parameters setups are
given in Appendix H. We used the same comparison metrics as for the GMM, with results shown in
Figures 3 and 4. We see that ITs again outperformed the other methods.

8 Conclusions
We have introduced inference trees (ITs), a new adaptive inference algorithm drawing on ideas
from Monte Carlo tree search. We have shown that, by carrying out explicit exploration in the
adaptation process, ITs can avoid common pathologies with other adaptive schemes and reliably
uncover multiple modes. We have consequently found that, for the tested models, ITs outperformed
previous state-of-the-art adaptive importance sampling and particle MCMC methods. In addition to
the immediate utility of the proposed approach, we believe that the general IT framework opens up
many opportunities for new research, due to the separation between their consistency and the specifics
of the learning algorithm. For example, ITs can also be used for integration (see Appendix J).
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Experiments: Gaussian Mixture Model

Figure 2: Convergence for the GMM in terms of the log ML estimate (left) and the ESS (right).
The ground truth log marginal was estimated using a very large number of samples and a manually
adapted proposal. Solid lines represent median over 10 runs and shading the 25%-75% quantiles.
The reason for the “just-in-time” style convergence of the IT stems from the fact that the parameter
annealing schedules start to kick in and encourage far more exploitation near the end of the runs.

below a certain threshold: we want to stop splitting once a node represents a near perfect sampler.
Secondly, whenever we split a node, we check that split passes a usefulness test, namely a significance
test that the distributions of the logwj are different, rejecting the split if this test fails.

7 Experiments
7.1 Gaussian Mixture Model
Our first experiment is to infer the cluster means in a Gaussian mixture model (GMM). Specifically,

µk ⇠ N (0,⌃µ), zn
�� ⇡ ⇠ Categorical({1/K, . . . , 1/K}), yn

�� zn = k, µk ⇠ N (µk,⌃y),

where we set ⌃µ = I , ⌃y = 0.2I , and K = 4. We generated a two-dimensional synthetic dataset
y1:200 using the generative model and then ran ITs with importance sampling as the base algorithm
to conduct inference on µk, with the zn marginalized out by summation. We use the prior on µk as
our base proposal. Though simple, this constitutes a surprisingly challenging inference problem, as
symmetries in the model mean that the posterior is concentrated in 24 well-separated modes, each of
which occupy less than 10�10 of the overall eight-dimensional parameter space.
For computational efficiency, we fixed “one run” of the base inference algorithm to be comprised of
drawing 100 importance samples and we undertook 16 runs of this base algorithm for each refinement
step (with each counting as a separate traversal). We further took the convention in, for example,
log weight density estimation that each “run” returns a single amalgamated wn

i , which might itself
contain multiple samples (similarly wn

i becomes the SMC ML estimate in the next experiment).
We compared to the following baselines given the same total budget of target density evaluations:
non-adaptive importance sampling; a naïve IT implementation where we set � = 0, ↵ = 0, and
� = 0.5, which means that our target ignores the p̂sj terms and relies solely on the optimism boost for
exploration; and PI-MAIS [26], a state-of-the-art adaptive importance sampler based on simulating
a large number of Markov chains to construct the proposal. Each algorithm was given a budget of
8⇥ 107 target evaluations, with the parameters set as per Appendix H.
For comparison, we examined the convergence of the ML estimate and ESS (Figure 2) and a kernel
density estimator of the final output (Figure 3). The results show that ITs outperformed the alternatives.
Unsurprisingly, vanilla importance sampling performed poorly throughout, ending with an ESS of
effectively 1. The naïve IT implementation managed to generate a very high ESS, but typically only
found two or three modes leading to a substantial error in the ML estimate. PI-MAIS did better at
finding modes, though still substantially worse than IT. Further, it ended with a low ESS and produced
poor estimates for the relative sizes of the modes, in turn giving an inferior log ML estimate.

7.2 Chaotic Dynamics Model
Dealing with long-range dependencies, i.e. variables that have influence many steps after they
are sampled, can be challenging in SMC as variables are often fixed before all dependent terms
are incorporated, leading to sample degeneracy. Viewing this in another light, the intermediate
target distributions can vary substantially from the target marginal distribution on the relevant
variables. Naïve strategies for dealing with this tend to be futile – the resampling step always
corrects to the intermediate target and thus incorporating lookahead information in proposals often
reduces the effective sample size. In some cases, auxiliary weighting schemes provide a degree
of lookahead [17, 25], but these typically entail a substantial increase in computational cost while
providing only a short-range lookahead. Moreover, problems with degeneracy can be compounded in
the context of adaptation as information is only received for particles that survive the resampling. We

7
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Experiments: Chaotic Dynamics Model

(a) PI-MAIS (b) Naïve IT (c) IT (d) PMMH (e) Naïve IT (f) IT

Figure 3: Kernel density estimate of projected posterior estimates for the GMM (a-c) and the chaos
model (d-f). We use a linear projection of the original 8/4-dimensional spaces and exaggerate the
variance of the modes for visualization purposes. For both problems, the IT has successfully recovered
all modes and inferred that all the modes have equal mass. Though the naïve IT implementation
produced good estimates for the modes it found, it missed modes for both problems. For the GMM,
PI-MAIS found a number of modes but still missed some and misestimated their relative masses. For
the chaos model, PMMH only found a single mode.

Figure 4: Convergence of log ML and ESS for chaos model, conventions as per Figure 2. PMMH is
not shown as it returns unweighted samples and no ML estimate; other results are given in Appendix I.

now show that ITs can address these challenges by running inference on separate regions. Namely, the
IT process allows information to be gathered even in the face of degeneracy. Constraining different
sweeps to different regions allows samples to be “forced through” the resampling steps, hereby
dealing with long-range dependencies. This is done without losing the key benefits of SMC, as gains
from resampling are still seen when running inference within a particular region. Note that ITs only
require an unbiased estimate for the weights in a manner akin to pseudo-marginal methods [2], such
that we can run SMC when there are some latent variables not directly controlled by the IT.
To test ITs in this setting, we consider an adaptation of the chaotic dynamical system tracking problem
introduced by [31], details for which are given in Appendix H. The model comprises of an extended
Kalman filter where we have dynamics parameters ✓, latents x1:T , and observations y1:T . We desire
to conduct inference over both the dynamics parameters and the latent variables, but will only use
ITs to control the sampling of the former. This model contains long-range dependencies because
the dynamics parameters affect each transition and so the smoothing marginal p(✓|y1:T ) is very
different to the filtering marginal p(✓|y1). In fact, the two are so different that using the so-called
one-step-optimal proposal, the target for most methods of SMC proposal adaptation [21], provides no
noticeable performance improvement over simply sampling from the prior.
Because PI-MAIS requires an MCMC sampler to be run on the target p(✓|y1:T ), it is inappropriate
for this problem. We instead compare to using SMC without adaptation, SMC with 1000 times more
particles, the naïve IT implementation, and PMMH [4], a method explicitly designed for dealing
with global parameters in SMC. We allowed a budget of 1⇥ 107 target evaluations and used 8 SMC
sweeps of 500 particles per refinement step for the IT approaches. Details on parameters setups are
given in Appendix H. We used the same comparison metrics as for the GMM, with results shown in
Figures 3 and 4. We see that ITs again outperformed the other methods.

8 Conclusions
We have introduced inference trees (ITs), a new adaptive inference algorithm drawing on ideas
from Monte Carlo tree search. We have shown that, by carrying out explicit exploration in the
adaptation process, ITs can avoid common pathologies with other adaptive schemes and reliably
uncover multiple modes. We have consequently found that, for the tested models, ITs outperformed
previous state-of-the-art adaptive importance sampling and particle MCMC methods. In addition to
the immediate utility of the proposed approach, we believe that the general IT framework opens up
many opportunities for new research, due to the separation between their consistency and the specifics
of the learning algorithm. For example, ITs can also be used for integration (see Appendix J).
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Experiments: Chaotic Dynamics Model

(a) PI-MAIS (b) Naïve IT (c) IT (d) PMMH (e) Naïve IT (f) IT

Figure 3: Kernel density estimate of projected posterior estimates for the GMM (a-c) and the chaos
model (d-f). We use a linear projection of the original 8/4-dimensional spaces and exaggerate the
variance of the modes for visualization purposes. For both problems, the IT has successfully recovered
all modes and inferred that all the modes have equal mass. Though the naïve IT implementation
produced good estimates for the modes it found, it missed modes for both problems. For the GMM,
PI-MAIS found a number of modes but still missed some and misestimated their relative masses. For
the chaos model, PMMH only found a single mode.

Figure 4: Convergence of log ML and ESS for chaos model, conventions as per Figure 2. PMMH is
not shown as it returns unweighted samples and no ML estimate; other results are given in Appendix I.

now show that ITs can address these challenges by running inference on separate regions. Namely, the
IT process allows information to be gathered even in the face of degeneracy. Constraining different
sweeps to different regions allows samples to be “forced through” the resampling steps, hereby
dealing with long-range dependencies. This is done without losing the key benefits of SMC, as gains
from resampling are still seen when running inference within a particular region. Note that ITs only
require an unbiased estimate for the weights in a manner akin to pseudo-marginal methods [2], such
that we can run SMC when there are some latent variables not directly controlled by the IT.
To test ITs in this setting, we consider an adaptation of the chaotic dynamical system tracking problem
introduced by [31], details for which are given in Appendix H. The model comprises of an extended
Kalman filter where we have dynamics parameters ✓, latents x1:T , and observations y1:T . We desire
to conduct inference over both the dynamics parameters and the latent variables, but will only use
ITs to control the sampling of the former. This model contains long-range dependencies because
the dynamics parameters affect each transition and so the smoothing marginal p(✓|y1:T ) is very
different to the filtering marginal p(✓|y1). In fact, the two are so different that using the so-called
one-step-optimal proposal, the target for most methods of SMC proposal adaptation [21], provides no
noticeable performance improvement over simply sampling from the prior.
Because PI-MAIS requires an MCMC sampler to be run on the target p(✓|y1:T ), it is inappropriate
for this problem. We instead compare to using SMC without adaptation, SMC with 1000 times more
particles, the naïve IT implementation, and PMMH [4], a method explicitly designed for dealing
with global parameters in SMC. We allowed a budget of 1⇥ 107 target evaluations and used 8 SMC
sweeps of 500 particles per refinement step for the IT approaches. Details on parameters setups are
given in Appendix H. We used the same comparison metrics as for the GMM, with results shown in
Figures 3 and 4. We see that ITs again outperformed the other methods.

8 Conclusions
We have introduced inference trees (ITs), a new adaptive inference algorithm drawing on ideas
from Monte Carlo tree search. We have shown that, by carrying out explicit exploration in the
adaptation process, ITs can avoid common pathologies with other adaptive schemes and reliably
uncover multiple modes. We have consequently found that, for the tested models, ITs outperformed
previous state-of-the-art adaptive importance sampling and particle MCMC methods. In addition to
the immediate utility of the proposed approach, we believe that the general IT framework opens up
many opportunities for new research, due to the separation between their consistency and the specifics
of the learning algorithm. For example, ITs can also be used for integration (see Appendix J).
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Recap

• Adaptive inference methods need to explore, 
not just exploit 

• New class of inference algorithms — Inference 
Trees — that can outperform current adaptive 
importance sampling and SMC methods 

• Targeted Exploration: new estimator for 
predicting presence of significant probability 
mass using poor quality samples
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